Abstract. A profinite group is called small if it has only finitely many open subgroups of index n for each positive integer n. We show that every Frattini cover of a small profinite group is small. A profinite group is called strongly complete if every subgroup of finite index is open. We show that two profinite groups that are elementarily equivalent, in the first-order language of groups, are isomorphic if one of them is strongly complete, extending a result of Moshe Jarden and Alexander Lubotzky which treats the case of finitely generated profinite groups.
Introduction
A profinite group is called small if it has only finitely many open subgroups of index n for each positive integer n. Motivation for considering small profinite groups comes from the fact that the absolute Galois group of a field is small if and only if it is determined up to an isomorphism by the field's theory in the language of rings, cf. [3, Proposition 20.4.6] . Related to this fact is the result that a small profinite group is determined up to an isomorphism by the set of those finite groups which occur as quotients by open normal subgroups (in contrast to the general case, where a profinite group is determined by its continuous finite quotients and the quotient maps between them), see [3, Proposition 16.10.7] .
In the first part of this note we characterize small profinite groups as follows:
In the second part we consider the theory of profinite groups in the first-order language of groups, and we say that G and H are elementarily equivalent, denoted G Á H , if G and H satisfy the same sentences in the language of groups. We generalize [5, Theorem 1.7] , which states: Theorem 1.3 (Jarden, Lubotzky). Let G and H be profinite groups with G Á H . If one of them is finitely generated, then G Š H .
It is an immediate consequence of [1, Proposition 2.20 ] that the same holds if one of the groups is small and abelian instead of finitely generated, which will also follow from our result. The proof of Theorem 1.3 uses two facts: first, that finitely generated profinite groups are small, and second, the existence of certain group words whose corresponding verbal subgroups are open in the finitely generated profinite group. The second fact is a deep result proved in [8] , where it is used to show that all finitely generated profinite groups are strongly complete, i.e. every subgroup of finite index is open, see [8, Theorems 1.1 and 1.2]. We begin by formulating the approach used in [5] in a slightly more general setting that takes the above points into consideration: Proposition 1.4. Let G and H be profinite groups with G Á H . Suppose that G is small and that for each finite group A there exists a group word w with w.A/ D ¹1º such that the verbal subgroup w.
Then we use the characterization of strong completeness proved in [12, Theorem 2], involving varieties generated by finite groups, and the theorem of Oates and Powell (cf. [6, Corollary 52.12] ) that the laws of a finite group have a finite basis, to show that strongly complete profinite groups satisfy the assumptions of Proposition 1.4, therefore showing: Theorem 1.5. Let G and H be profinite groups with G Á H . If one of them is strongly complete, then G Š H .
Since finitely generated profinite groups are strongly complete by [8, Theorem 1.1], Theorem 1.5 implies Theorem 1.3. In the third section we will give an example of a strongly complete profinite group which is neither finitely generated nor abelian, showing that Theorem 1.5 is more general than both Theorem 1.3 and the result concerning small abelian profinite groups from [1] . We first establish the characterization of small profinite groups announced in the introduction. Proof. Suppose that G is small. Then every open subgroup of G is small, hence it suffices to show that r S .G/ < 1 for all finite simple groups S. Since G is small, M S .G/ is an intersection of finitely many open subgroups of G, hence open in G and thus of finite index. Then G=M S .G/ is a finite group and so r S .G/ is finite.
Conversely, suppose that r S .H / < 1 for all open subgroups H of G and all finite simple groups S . Observe that it suffices to show that for any finite group F there are only finitely many open normal subgroups N of G with G=N Š F .
Let F be a finite group and consider a composition series 
We show that N D N ij for some i 2 ¹1; : : : ; mº and j 2 ¹1; : : : ; n i º, thus showing that there are only finitely many such N . Let W H ! H=N be the quotient map and 
hence we have K D K i for some index i 2 ¹1; : : : ; mº and so N D N ij for some j 2 ¹1; : : : ; n i º.
Now we work towards applying this characterization to Frattini covers of small profinite groups. 
We now establish the above condition for a Frattini cover of a small profinite group. To do so we adapt the proof of [2, Lemma 4.2], where a similar result is proved in the case of abelian S . Since H=H 0 is a finite group, it has finite S-rank, hence it suffices to show that r S .H 0 / is finite. Thus, we can assume that H is normal in K. (i) We denote by w.G/ the subgroup of G generated by the elements of the form w.g/ with g 2 G n , the verbal subgroup corresponding to w in G. Note that w.G/ is a normal subgroup of G.
(ii) Let r 2 N. We write length w .G/ Ä r if every element of w.G/ is of the form w.g 1 / " 1 w.g r / " r with g 1 ; : : : ; g r 2 G n and " 1 ; : : : ; " r 2 ¹˙1º. where the h j are n-tuples of variables. Since length w .G/ Ä r, we have Gˆ'.g/ if and only if g 2 w.G/, for all g 2 G.
Let s > r be an integer and let ı 2 ¹˙1º s . By the above, the following sentence holds in G, where the g i are n-tuples of variables:
Because G Á H , this sentence then holds in H as well. Since this is true for all s > r and all ı 2 ¹˙1º s , it follows that length w .H / Ä r and so w.H / is closed by Lemma 3.3. Since w.G/ is open in G, the group G=w.G/ is finite. Because length w .G/ Ä r and length w .H / Ä r, it follows from Lemma 3.2 and G Á H that
Since G=w.G/ is finite, it follows that G=w.G/ Š H=w.H /. Then w.H / has finite index in H , hence w.H / is open in H . Now we can establish a sufficient condition for two elementarily equivalent profinite groups to be isomorphic. The proof of the next statement is conceptually On small profinite groups 993 the same as the proof of [5, Theorem 1.7] , where the same conclusion is derived in the case of finitely generated profinite groups. In [5] , the existence of such group words as in Proposition 3.5 is derived from [8, Theorem 1.2] and the assumption that one of the profinite groups is finitely generated. We derive the existence of such group words for strongly complete profinite groups from Theorem 3.7.
Remark 3.6. Let V be a class of groups. Then V is a variety if there exists a set W of group words such that a group G lies in V if and only if w.G/ D ¹1º for all w 2 W ; we say that V is the variety defined by W . The verbal subgroup of G corresponding to V is the subgroup of G generated by w.G/ for all w 2 W . (Note that this depends only on V , not on W .) Let G be a group, and let W be the set of all group words w with w.G/ D ¹1º. The variety generated by G is the variety defined by W .
The following characterization was proved in [12, Theorem 2] . (ii) G has only finitely many subgroups of index n for each n 2 N.
(iii) G has only countably many subgroups of finite index.
(iv) V is open in G whenever V is a verbal subgroup of G corresponding to the variety generated by a finite group.
First note that we can deduce the following: Theorem 3.10. Let A be a finite group and V the variety generated by A. Then there exists a finite set of group words W such that V is the variety defined by W .
Combining Proposition 3.5 with Theorem 3.7 (iv) then yields the following: Theorem 3.11. Let G and H be profinite groups with G Á H . If one of them is strongly complete, then G Š H .
Proof. Suppose that G is strongly complete. Then G is small by Corollary 3.8. We want to apply Proposition 3.5, hence we have to show that for each finite group A there exists a group word w with w.A/ D ¹1º such that w.G/ is open in G.
Let A be a finite group. Let V be the variety generated by A. By Theorem 3.10 there exists a finite set of group words W such that V is the variety defined by W . Write W D ¹w 1 ; : : : ; w n º and set w.x 1 ; : : : ; x n / WD w 1 .x 1 / w n .x n /, where the x i are disjoint tuples of variables of suitable length. Since V is the variety generated by A, we have w.A/ D ¹1º and w.G/ is the verbal subgroup of G corresponding to V . Since G is strongly complete, it follows that w.G/ is open in G by Theorem 3.7 (iv).
Remark 3.12. The proof of Theorem 3.11 shows that every strongly complete profinite group satisfies the assumptions of Proposition 3.5. Conversely, the proof of Proposition 3.5 shows that every profinite group which satisfies these assump-system S.G/ of G, see [1] . Since G is not small, there exists an elementary extension S.G 0 / of S.G/ whose cardinality is strictly larger than that of S.G/. Since G and G 0 are abelian, S.G/ Á S.G 0 / implies G Á G 0 by [1, Proposition 2.20], but G and G 0 cannot be isomorphic because S.G/ and S.G 0 / are not isomorphic.
In general, however, Question 3.15 (i) has to be answered in the negative: In [9] , a profinite group is constructed that has infinitely many open subgroups of index 2 and is therefore not small, yet is isomorphic to every profinite group that is elementarily equivalent to it.
